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Abstract
Quantum entanglement and quantum phase transition of the spin-1 Heisenberg chain with single-
ion anisotropy have been investigated by using the quantum renormalization group method. It is
found that the quantum entanglement of the system tends to different saturated values and exhibits
perfect step-like plateaus in each phase separated by the critical points, as well as abrupt drop
emerged at the quantum critical points as the size of the system increases. The single-ion anisotropy
parameter suppresses the entanglement due to favoring the alignment of spins and influences the
quantum phase transition of the system. The first partial derivative of the entanglement with
respect to the single-ion anisotropy parameter exhibits a nonanalytic or maximum behavior at the
critical points, which directly associates with the divergence of the correlation length. Furthermore,
the entanglement critical exponents and the correlation length exponents have been obtained,
which shows the scaling behaviors of the spin system. This work has extended the application of
entanglement for depicting the quantum phase transition and its significant properties in spin-1
systems.
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1. INTRODUCTION
Entanglement is a peculiar correlation in the quantum systems, which is the fundamental
difference between quantum and classical physics [1]. In the past two decades, quantum
entanglement has attracted much attention due to its novel physical properties and the po-
tential applications in the field of developing quantum computers and quantum information
devices [2]. Entanglement has been realized as a crucial resource in processing and sending
information [3, 4]. Amazedly, quantum entanglement has been shown a close relationship
with quantum phase transitions (QPTs) and widely applied for indicating the QPTs in
quantum systems [5–8]. QPTs are induced by the change of an external parameter or cou-
pling constant at absolute zero background. In condensed matter physics, it is at the core
of relevant quantum phenomena such as superconductivity, quantum Hall effect and other
QPTs [10]. QPT has also become one of the most interesting research topics of strongly
correlated systems during the last decade. It is significant to investigate the relation between
entanglement and QPTs, which has attracted much attention recently [6, 9, 10].
The renormalization group (RG) method has been widely employed for investigating the
properties of many-body systems in the past decades [11, 12]. The density matrix renormal-
ization group (DMRG) method is a robust numerical scheme in investigating the ground and
low-lying states properties of low-dimensional spin systems, which has been applied success-
fully to many strongly correlated systems in one-dimensional (1D) as well as two-dimensional
(2D) systems [13–17]. The idea of the tensor-network state has attracted significant attention
because it reveals more clearly the physical picture embedded in the tensor-network repre-
sentation of quantum states [18]. Furthermore, various new thermal tensor renormalization
group approaches have been proposed in recent years, which can investigate the thermody-
namic properties of 2D quantum spin model [19, 20]. Besides, the quantum renormalization
group (QRG) is also a popular method for investigating the behavior of quantum spin sys-
tem. The quantum entanglement of many 1D and 2D spin systems have been investigated
by using the QRG method, which exhibits QPT and nonanalytic behavior in the vicinity
of the quantum critical points [21–25]. Paticularly, the quantum entanglement and QPTs
of spin-1/2 XY model, and one with staggered Dzyaloshinskii-Moriya interaction have been
studied using the QRG method, the behavior of entanglement is closely associated with the
quantum critical properties, and the entanglement critical exponents and correlation length
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exponents have been obtained [26, 27]. The critical properties of fractal lattice spin systems
also can be depicted by the entanglement based on the QRG method [28, 29].
The low-energy behaviors of many systems can be depicted by the spin-1/2 Hamiltonian,
while the entanglement in higher spin systems has less been studied until now. The spin
profile of many organic Ni materials with significant single-ion anisotropies can be described
by the spin-1 chain [30, 31]. The spin-1 Heisenberg chain with a single-ion anisotropy has
been extensively investigated using entanglement and fidelity in the field of condensed matter
and quantum information [15, 32–34]. In particular, the QRG-flow equations and the phase
diagram of the system have been obtained by using the QRG method, and it is found that
the phase transition points will change as the single-ion anisotropy increases. The finite-size
scaling behavior demonstrates that the scheme of combined fidelity theory with the QRG
method can capture the critical behavior of the spin-1 Heisenberg chain with single-ion
anisotropy [35]. The dynamical spin excitations of this model have been investigated with
the scheme of quantum Monte Carlo simulations as well as stochastic analytic continuation
[36].
In this manuscript, the quantum entanglement and QPT of the spin-1 Heisenberg chain
with a single-ion anisotropy have been investigated using the QRG scheme. The calculated
entanglement is affected by the easy axis anisotropy and the single-ion anisotropy parame-
ters. The single-ion anisotropy suppresses the entanglement due to favoring the alignment
of spins. The entanglement tends to different saturated values in each phase, which are
separated by the critical points and exhibits perfect step-like plateaus for a given value of
the anisotropy or the single-ion anisotropy parameter as the size of the system increases.
Furthermore, the first partial derivative of the entanglement with respect to the anisotropy
or the single-ion anisotropy parameter shows a nonanalytic or maximum behavior at the
critical point with a scaling relation. This paper was organized as follows. In Sec. II, the
spin model and the QRG method were introduced, respectively. In Sec. III, the entangle-
ment between two blocks was investigated. We discussed the nonanalytic and the scaling
behaviors of the entanglement in Sec. IV, and summarize in Sec. V.
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2. MODEL AND QUANTUM RENORMALIZATION GROUP METHOD
The Hamiltonian of the spin-1 Heisenberg chain with a single-ion anisotropy is given by
H = J
N∑
i=1
[Sxi S
x
i+1 + S
y
i S
y
i+1 +△Szi Szi+1 +D(Szi )2], (1)
where Sα(α = x, y, z) are spin-1 operators, J > 0 is the antiferromagnetic nearest-
neighbor interaction,△ characterizes the easy axis anisotropy andD represents the single-ion
anisotropy parameter. The phase diagram of Hamiltonian Eq.(1) is well established [32–34].
Here we focus our attention on phase transitions between the Ne´el, Haldane, and large-D
phase for △ ≥ 0. Most parts of the phase diagram are determined accurately. However, it
is difficult to determine the triple critical point accurately by numerical analysis.
The quantum entanglement and QPT of the model have been investigated by the QRG
method based on the Kadanoff’s block approach [21]. The general idea of the QRG method
is keeping the most important degrees of freedom and integrating out the rest by the it-
erative procedure. In this work, each three sites (marked as 1-2-3) of the spin chain have
been considered as a block which makes the initial Hamiltonian mapped into a renormal-
ized Hamiltonian defined by the set of renormalized couplings
(
J
′
,△′, D′). The following
relations of the renormalized coupling constants are given by
J
′
= (Xren)
2 J, (2)
△′ =
(
Zren
Xren
)2
△, (3)
D
′
=
E1 − E0
(Xren)
2
, (4)
where Xren and Zren are the renormalization coefficients, E0 is the ground-state energy of the
block Hamiltonian and E1 is the first excited-state energy. The first excited-state energy
is doubly degenerate. The explicit form of the renormalized couplings and the details of
renormalization procedure were presented in the appendix. The renormalization of couplings
generates the flow of couplings, which describes the quantum phase diagram in addition
to the ground-state properties of the model. Furthermore, the analysis of the QRG-flow
Eqs.(2)(3)(4) give a clear picture of the topography of the ground-state phase diagram,
as depicted in Figure 4 of Ref. [35]. The QRG-flow includes two types of fixed points,
P1:(0, 1.0), P2:(0.58, 0), P3:(1.45, 0), P4:(−1.91, 0), P5:(2.27, 3.0) are fixed points and two
others for extremely large couplings, namely (∞, 0) and (−∞,∞).
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3. NEGATIVITY AND ENTANGLEMENT ANALYSIS
There are many measures for the pairwise entanglement [5, 37, 38]. In this work, we
investigate the ground-state entanglement between two blocks of the spin-1 Heisenberg chain
by using the concept of negativity and demonstrate how the negativity varies as the size of
the blocks becomes large. Consider the ground state |φ0〉 of a block and define the pure-state
density matrix
ρ = |φ0〉 〈φ0| . (5)
Because the negativity is for measuring the pairwise entanglement, that one of the freedom
of one site in the block should be traced. As generally, site 2 has been traced so that
the reduced density matrix for site 1 and 3 can be obtained, i.e., ρ13. The negative partial
transpose gives a sufficient condition for the entanglement of spin-1 particles. The negativity
of sites 1 and 3 is defined as
N13 =
∑
i
|µi| , (6)
where µi is the negative eigenvalue of ρ
T3
13 , and T3 denotes the partial transpose with respect
to the third spin. The value of N13 varies in the range from 0 to 1. If N13 = 0 or 1,
the system is unentangled or entangled maximally, respectively, else it corresponds to a
partially entangled system. The numerical calculation indicates that N13 is influenced by
the anisotropy parameter △ and the single-ion anisotropy parameter D. For the three-site
model, we plot N13 versus D for different values of △, as shown in Fig.1. It was found
that the entanglement is a nearly decreasing function of single-ion anisotropy D regardless
of any value of △, in other words, the single-ion anisotropy suppresses the entanglement
due to favoring of the alignment of spins. Furthermore, when D is small, △ enhances the
entanglement of the system as △≫ 0, while it suppresses the entanglement as D increases.
The N13 versus D with fixed △ = 0 was presented in Fig.2. The curves of N13 versus
different QRG step cross each other at the fixed points. As the scale of the system increases,
the negativity develops three perfect step-like plateaus separated by the critical points, the
system driven by the single-ion anisotropy D undergoes a transition from Ne´el phase to
Haldane phase with an Ising transition at the critical point Dc = −1.91 [39]. It turns the
largest negativity to a smaller saturated value, and then disappears in the large-D phase
through a Gaussian transition at Dc = 1.45 [32]. At these critical points, the system exhibits
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a quantum correlation because N13 is a nonzero constant.
A similar analysis for another fixed value of △ = 1 shows N13 versus different QRG
iterations, as shown in Fig.3. As the system increases, the curves of N13 versus different
QRG step also cross each other at the fixed points and presents three saturated values
which are separated by the critical points, the system undergoes an Ising transition from
Ne´el phase to Haldane phase at the critical point Dc = 0, which leads the value of negativity
much smaller. Because of the alignment of spins, the negativity disappears in the large-D
phase through a Gaussian transition at Dc = 1.37. These quantities of negativity will
change smoothly as the single-ion anisotropy D varies at the Gaussian transition points.
Interestingly, the negativity only develops two saturated values for △ = 3, as shown in
Fig.4. With increasing D, the system undergoes a first-order QPT from the Ne´el phase to
the large-D phase [39] at Dc = 1.37. At the critical point, the system exhibits a quantum
correlation.
As a comparison, we analyze N13 by tuning △ but fixing D = 0. As the scale of the
system increases, the negativity develops two perfect step-like plateaus, which are separated
by △c = 1. In the thermodynamic limit, N13 jumps to a larger stable value as the system
transforms from the Haldane phase to Ne´el phase. The three-site model can describe the
infinite spin-1 chain with renormalized coupling constants. At these critical points, the
quantum fluctuations play an important role and destroy any long-range order of the system.
The entanglement shows a clear drop at the Ne´el-Haldane and Ne´el-large-D phase transition
points as the system reaches 33 sites.
4. NONANALYTIC AND SCALING BEHAVIOR
The nonanalytic behavior can also be accompanied by a scaling behavior due to the
divergence of the correlation length. In this section, we show the QPT and the nonanalytic
behaviors of negativity in the spin-1 Heisenberg chain. We shall analyze the first partial
derivative of the negativity with respect to D for a fixed value of △ = 0. As shown in
Fig.5, the absolute value of the first partial derivative of negativity is discontinuous at the
critical point Dc = −1.91, while N13 is continuous. In the diagram, the singular behavior
of the negativity becomes more pronounced as the size of the system increases. While there
is only one maximum without any singularity at the critical point Dc = 1.45 in the inset
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of the diagram. Furthermore, the single-ion anisotropy parameter D correspondence to the
maximum of |∂N13/∂D| tends to the critical point as the size of the system increases. A
scaling behavior of the maximum of |∂N13/∂D| versus N at Dc = 1.45 has been found,
as shown in Fig.8, which shows a linear relation of ln |∂N13/∂D|max versus lnN . Similar
scaling behavior and linear relation can be obtained at the critical point of Dc = 1.45.
The scaling analysis of their maximum point is |∂N13/∂D|max ∼ N θ with exponents θ as
presented in table-1. The singular behavior of the negativity and the scaling behavior of
the system depends on the entanglement exponent θ. Similar analysis by taking the first
partial derivative of N13 with respect to D for △ = 1 shows a growing peak at the critical
point Dc = 0, while there is only one maximum at Dc = 1.37 as shown in Fig.6. The
scaling behavior of ln |∂N13/∂D|max versus lnN at Dc = 0 also shows a linear relation.
The scaling behavior is |∂N13/∂D|max ∼ N θ with exponent θ as presented in table-1. A
similar scaling relation at Dc = 1.37 can be obtained. For △ = 3, the first partial derivative
of N13 is discontinuous at Dc = 2.27, see Fig.7, the scaling behavior of the maximum of
|∂N13/∂D| versus N correspondence to the growing peak also shows a linear behavior of
ln |∂N13/∂D|max versus lnN . There is a growing peak at the critical point △c = 1, the
position of the extreme point varies as the size of the system increases, which arises from
the finite-size effect.
The transition type, entanglement exponents θ, and correlation length exponents ν cor-
respondence with different critical points have been presented in Table-1. Surprisingly, the
entanglement exponent θ is not the reciprocal of the corresponding correlation length expo-
nent ν. As the critical points are approaching the large-size limit (not the thermodynamic
limit), the correlation length covers the whole system.
Table-1. The transition type, entanglement exponents θ, correlation length exponents ν
correspondence with different critical points of the Heisenberg model.
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critical point transition type entanglement exponent correlation length
(△, D) θ exponent ν
(0,−1.91) Ne´el-Haldane (Ising transition) 0.7(75) 1.2(56)
(0, 1.45) Haldane-large D (Gaussian) 0.3(88) 3.0(74)
(1.0, 0) Ne´el-Haldane (Ising) 0.9(73) 3.1(19)
(1.0, 1.37) Haldane-large D (Gaussian) 0.3(98) 5.6(85)
(3.0, 2.27) Ne´el-large D (first-order) 1.5(50) 1.5(78)
(1.0, 0) Haldane-Ne´el (Ising) 0.9(93) 1.3(93)
5. SUMMARY
The anisotropic spin-1 Heisenberg chain with single-ion anisotropy has been investigated
by using the QRG method. The phase diagram of the spin-1 system is more complex
and plentiful than that of the spin-1/2 system. The relation between the negativity as
a measure of quantum correlations and QPT has been investigated. The anisotropy and
single-ion anisotropy parameter determined the phase diagram of the model. The single-ion
anisotropy parameter plays an important role that can reduce the negativity due to favoring
the alignment of spins. As the scale of the system increases, the negativity presented different
saturated value in each phase and exhibited perfect step-like plateaus. The critical behavior
of the spin-1 chain has been described by the first partial derivative of negativity of the
blocks. Its first partial derivative shows a sharp peak (nonanalytic behavior) at the Ne´el-
Haldane and Ne´el-large-D phase transition points, while a smaller scale of maximum around
the Haldane-large-D phase transition points. The entanglement critical exponents and the
correlation length exponents have been obtained. Our results coincide well with the previous
work [35]. Better yet, the entanglement shows a clear QPT as the scale of the system is
small as 33 sites.
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7. APPENDIX. THE QRG PROCEDURE
The QRG procedure can be expressed in the following steps [35]:
To begin with, the lattice is decomposed into isolated blocks where the Hamiltonian is
written as a sum of isolated block Hamiltonian (HB) and inter-block interactions (HBB),
i.e., H = HB +HBB, where, H
B =
∑N/3
I=1 h
B
I , H
BB =
∑N/3
I=1 h
BB
I,I+1, and
hBI = J
[
2∑
j=1
(
SxI,jS
x
I,j+1 + S
y
I,jS
y
I,j+1 +△SzI,jSzI,j+1
)
+D
3∑
j=1
(
SzI,j
)2]
,
hBBI,I+1 = J
(
SxI,3S
x
I+1,1 + S
y
I,3S
y
I+1,1 +△SzI,3SzI+1,1
)
.
SαI,j denotes the α-component of the jth spin in block I. The energy eigenstates of h
B
I are
calculated exactly and the three lowest eigenvectors are denoted by |φ0〉 and
∣∣φ±〉 with the
corresponding eigenvalues E0 and E1, respectively.
In addition, the three low-lying energy eigenstates of each block are kept to build up
an embedding (projection) operator (T ), representing the most important subspace of the
original Hilbert space (H), the embedding operator for each block is constructed by
TI =
∣∣φ+〉 〈+1|+ |φ0〉 〈0|+ ∣∣φ−〉 〈−1| ,
where |±1〉 , |0〉 are the base kets for the renormalized Hilbert space of each block.
Finally, the original Hamiltonian (H) is mapped into the renormalized Hamiltonian
(
H
′
)
utilizing the embedding operator, which is given by
H
′
=
N/3∑
I=1
(
T †I h
B
I TI + T
†
I T
†
I+1h
BB
I,I+1TI+1TI
)
.
The first part of the projections leads to
T †I h
B
I TI = E01 + (E1 − E0) (SzI )2 ,
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The second term of the projections defines the effective interaction between blocks I and
I + 1 in terms of renormalized operators
T †I S
α
I,jTI = XrenS
′α
I ; j = 1, 3;α = x, y,
T †I S
z
I,jTI = ZrenS
′z
I ; j = 1, 3;
The renormalization coefficients Xren and Zren are given by the following expressions:
Xren =
1√
A5A9
[2 (E0 − 2D) + 2 (E1 − 3D)
× [4D2 − 2D (△+ 2E0) + E0 (△+ E0)− 2]
− A2A3 (D − E1) [4D2E0 − 2A8 − 2D
× [E0 (△+ 2E0)− 3] + E20 (△+ E0)− 6E0]
+ 2A1A2A3 (A8 −D + E0)
− A7 [A1A2A3 (D − E1)− 6D + 2E1]
2D − E0 ],
Zren =
1
A5
[−[(D − E1) [A1A2A3 (D − E1)
+ 4E1 − 12D] + 2]2
+ 4 (E1 − 3D)2 + 4 + A23A22 (D − E1)2].
The following relations for the Ai constants are:
A1 = 2△−3D + E1,
A2 = E
2
1 − 4DE1 + 3D2 − 1,
A3 =
1
△− 2D + E1 ,
A4 =
1
△− 2D + E0 ,
A5 = A
2
3 [A1A2 (D −E1) + 2 (3D − E1) (2D −△−E2)]2
+ A22A
2
3 (D − E1)2 + A21A22A23 + 4 (E1 − 3D)2 + 4
+ [(D −E1) [A1A2A3 (D −E1) + 4 (E1 − 3D)] + 2]2 ,
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A6 = 16D
4E0 − 8D3 [2E0 (△+ 2E0)− 3]
+ 4D2
[
6E30 + 6△ E20 +
(△2 − 12)E0 − 3△]
− 2D [4E40 + 6△ E30 + (2△2 −15)E20 − 9△E0 + 4]
+ E20 (△+ E0) [E0 (△+ E0)− 6] + 6E0,
A7 = −E30 + E20 (4D −△) + 2E0
(
D△−2D2)− 4D + 2,
A8 =
A4 (3E0 − 4D)
2D −E0 ,
A9 =
A24A
2
6 + A
2
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(E0 − 2D)2
+ 2 (E0 − 2D)2 + 4 (A8 −D + E0)2 + 4
+
[
4D2 − 2D (△+ 2E0) + E0 (△+ E0)− 2
]2
.
The renormalized coupling constants are given by the following relations:
J
′
= (Xren)
2 J,
△′ =
(
Zren
Xren
)2
△,
D
′
=
E1 − E0
(Xren)
2
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Figure Captions
Fig.1. (Color online) Negativity between the first and third sites of a three-site model
in terms of the single-ion anisotropy D for different values of easy-axis anisotropy ∆. The
inset of a diagram of D ranges from 5 to 7.
Fig.2. (Color online) Representation of the evolution of the negativity in terms of QRG
iterations at a fixed value of ∆ = 0.
Fig.3. (Color online) Representation of the evolution of the negativity in terms of QRG
iterations at a fixed value of ∆ = 1.
Fig.4. (Color online) Representation of the evolution of the negativity in terms of QRG
iterations at a fixed value of ∆ = 3.
Fig.5. (Color online) The absolute value of the first partial derivative of negativity and
its manifestation toward divergence as the QRG iterations increases (Fig.2).
Fig.6. (Color online) The absolute value of the first partial derivative of negativity and
its manifestation toward divergence as the number of QRG iterations increases (Fig.3).
Fig.7. (Color online) The absolute value of the first partial derivative of negativity and
its manifestation toward divergence as the number of QRG iterations increases (Fig.4).
Fig.8. The logarithm of the absolute value of minimum, ln |∂N13/∂D|max, versus the
logarithm of chain size, lnN , which shows a scaling behavior. Each point corresponds to the
maximum of a single plot of Fig.5.
15
 !  "  # $ # " ! % & ' (
$)$$
$)$&
$)#$
$)#&
$)"$
$)"&
$)!$
$)!&
 
 
!
 
  ! "
  ! #
  ! $
  ! %
  ! &
  ! '
&)$ &)& ')$ ')& ()$
$)$$$
$)$$&
$)$#$
$)$#&
$)$"$
 
 
!
 
?????????
 !"#  $"%  $"#  &"%  &"#  #"% #"# #"% &"# &"% $"# $"% !"#
#"##
#"#%
#"&#
#"&%
#"$#
#"$%
#"!#
#"!%
 
????????
 
 
!
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 2"#  $"%& '(
 !"#  #"$ #"# #"$ !"# !"$ %"# %"$ &"#
#"##
#"#$
#"!#
#"!$
#"%#
#"%$
#"&#
#"&$
 
????????
 
 
 
!
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 2"#  $"%& '(
 !  !" #! #!" $! $!" %! %!" &! &!" "! 
 !  
 ! "
 !# 
 !#"
 !$ 
 !$"
 !% 
 !%"
  
????????
 
 
!
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 !  "  # $ # " !
$
#
"
!
%
&
'
????????
  
 
 
 
!
"
!
 
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 2"#  $"%& '(
#($ #(# #(" #(! #(% #(& #(' #() #(* #(+ "($
$($
$(#
$("
$(!
$(%
$(&
$('
$()
$(*
 
 
 
!
"
!
 
 
 !"#  #"$ #"# #"$ !"# !"$ %"# %"$ &"#
#
%
'
(
)
!#
!%
 
????????
 
 
 
 
!
"
!
 
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 2"#  $"%& '(
!"# !"! !"% !"& !"' !"$ !"( !"* !") !"+ %"#
#"#
#"!
#"%
#"&
#"'
#"$
#"(
 
 
 
!
"
!
 
 
 !"  !# $!% $!$ $!& $!" $!# '!%
%
$
&
"
#
 %
 $
 &
 "
 #
 
?????????
 
 
 
!
"
!
 
 
 !"#  $"%& '(
 )*"  $"%& '(
 +,- $"%& '(
 ./-  $"%& '(
 0"#  $"%& '(
 1"#  $"%& '(
 ! " # $ % &
' (#
' ()
'*(#
'*()
')(#
)()
 
????????
 
 
 ! 
 
!
 
 
"
#
$
!
 
%
&
'
!
